PROOF of the Root Test

Part (a)

Assume that L <1. We need to show that Zan IS absolutely

convergent. To do this let's first note that because L >1, there
IS some number r such that L <r <1.
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Now, recall that L =limg/ja,| = lim|a |» and since L <,
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there is some N such thatif n> N then |a,|n <r =|a [<r".

Now the series Z r" is a convergent geometric series because
n=1

0<r<1. Since |a,|<r" forn> N the series i\an\ also
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converges by the Comparison Test. Since ) [a,|=> |a,|+ D _|a,]
n=1 n=1 n=N

then Z\an\ IS also convergent since adding a finite number to a
n=1

convergent sequence Yyields a finite sum. Therefore Z a, Is
n=1

absolutely convergent.



Part (b)

Assume that L >1. We need to show that Zan Is divergent.

Recall that L = Iimq/m = Iim\an\i and since L >1,
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there is some N such thatif n> N then |a |0 >1=a |>1" =1.

However, if |a,|>1foralln> N then lim|a |+ 0 which means
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that lima, = 0 and by the Divergence Test Zan Is divergent.
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Part (c)

Assume the L =1. This is true for the series Ziz which is absolutely
n=1 n
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convergent. It is also true for the series Z( 2) which is conditionally
n=1 n
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convergent, and also true for the series > = which is divergent.
n=1 n

Therefore, when L =1, the test is inconclusive.



